In this paper we extend the concept of the Szele representation of finite rings from the case where the coefficient ring is a cyclic ring* to the case where it is a Galois ring. We then characterize completely primary and nilpotent finite rings as those rings whose Szele representations satisfy certain conditions. 1* Preliminaries* We first note that any finite ring is a direct sum of rings of prime power order. This follows from noticing that when one decomposes the additive group of a finite ring into its pime power components, the component subgroups are, in fact, ideals. So without loss of generality, up to direct sum formation, one needs only to consider rings of prime power order. For the remainder of this paper p will denote an arbitrary, fixed prime and all rings will be of order p n for some positive integer n. Of the two classes of rings that will be studied in this paper, completely primary finite rings are always of prime power order, so for the completely primary case, there is no loss of generality at all. However, nilpotent finite rings do not need to have prime power order, but we need only classify finite nilpotent rings of prime power order, the general case following from direct sum formation.
If B is finite ring (of order p n ) then the characteristic of B will be p k for some positive integer k. If x e B then we define the order of x to be the smallest positive integer e such that p e x -0. Thus 0 < e ^ k.
We now define a very important class of finite rings. 
Clearly Φ is onto. We define addition and multiplication in R by stipulating that Φ preserves addition and multiplication. R is then a ring. The only thing which is not immediate is that multiplication is well-defined. But that follows from our condition that a iS is a multiple of p k j~ki whenever i > j. This construction is due to Szele [3] who did it for cyclic rings, however, as we shall see there is no reason why we cannot do it over more general rings. We shall call such a ring and subrings thereof rings of Szele matrices. The class of rings are of interest when studying finite rings because of the following result. COROLLARY 
Thus we have immediately

Any finite ring with unit (of prime power of order) is a subring of a ring of Szele matrices over a Galois ring.
These results were proved by Szele in case the coefficient Galois ring is taken to be a cyclic ring. Any finite ring will of course contain a cyclic ring and it is quite possible that the cyclic subring will be the largest Galois subring so, in a sense, our result does not represent much of a step forward in the study of general finite rings. However, in the study of completely primary finite rings, one can obtain a tractable, complete characterization if one studies the Szele representation over the largest Galois subring.
Proof of Lemma 2.1. Proposition 1.2 supplies all of the necessary tools to follows Szele's original proof except that, in general, Galois subrings do not need to be contained in the center. However, we circumvent that difficulty be writing maps on the right and scalars on the left. , n .
Since the δ/s are independent over G ktT we conclude that p ki cc tί bj = 0 for all i, j = 1, , n. Thus p ki a tj is a multiple of p k κ So if i > j we have that a iβ is a multiple of p k ΐ~k i for all a e R. So the map ψ given by ψ\ a -> [(a:^)^] is a map from R into a ring of Szele matrices. It is straightforward to check that f is a ring homomorphism and since k o is the order of 6* it follows that ψ is one to one, and the lemma is proved.
3* Completely primary and nilpotent finite rings* In [5], the author proves that a completely primary (resp. nilpotent) finite ring is isomorphic to a subring of a homomorphic image of a ring of matrices which are upper triangular (resp. strictly upper triangular) modulo p. We now characterize this homomorphic image by means of the Szele representation over Galois rings. The converse is also true. Any such ring is completely primary, so this result characterizes completely primary finite rings.
Proof. We first note that if a completely primary ring has an representation as a ring of Szele matrices which is upper triangular modulo p then the main diagonal entries must be related by automorphisms modulo p. For then the radical of the ring is the set of all matrices in the ring which are strictly upper triangular modulo p so the map R -> R/J ~ GF(p r ) can be realized by the map
However, the image of this map is a one dimensional algebra over GF(p r ) so the entry {a jj )φ ι is uniquely determined by the value of (a n )^i; i.e., (a jj )φ 1 is a function of (a n )φ 1 say (a^)^i = ((a>u)Φi)(?j for some function σ d j = 2, , n. The σ d are seen to be homomorphisms from GF(p r ) to GF(p r ) and that part of the result follows. For the rest of the result, the particular matrix representation we choose depends upon the choice of independent generating set we make for R over G k , r . For R completely primary as in the hypothesis of the theorem, the author showed [5, Prop. 2.2] that in addition to conditions (i) and (ii) of Proposition 1.2 we can also assume (iii) h λ ~ 1, and 6 2 , , b n e J. We now obtain the correct independent generating set of R over G k>r . Let e be the smallest positive integer such that J e = (0). Let us consider the set of independent generating sets of R which satisfy the conditions (i), (ii), and (iii). Suppose that q 1 is the maximum number of elements of any of these generating sets which are in J , b n is a generating set satisfying the conditions (i), (ii), and (iii). Also, this matrix representation depends on the order in which we index the δ ΐβ We take b γ = 1. We then assume that if k t is the order of δ* that k -k^ k 2^ ^ k n . Next let f t be the largest positive integer such that δ έ e J fi . We call f t the radical index of b t . We shall further assume that if k t = kj with i ^ j then /« ^ /,-. We prove that the Szele representation of R with respect to this ordering of the basis b lf , b n of R is of the desired type.
Again let a e R and write b t a = Σ?=i ^A Since we have that k = k^ k 2^ ^k n we already know that if i > j with &, < k ά then α^ is a multiple of p*i""*\ So we need only restrict our attention to those i, j such that i > j but k t -k 3 , n. If q = 1 then 6^ = δί and so 7$ = δ^ and thus 7$ is a multiple of p for all i > j. So the proof of the theorem will be complete if we can show that for all q = 2, , n 7<f is a multiple of p for all i ^ i such that e t = e,-.
We shall assume that there is a g ^ 2 for which there exists an i ^ j such that e t = e, but 7^f is not a multiple of p, and we seek a contradiction. Since q ^ 2,b q eJ so the radical index of bfig is strictly greater than f t which is the radical index of δ, which is, by hypothesis, greater than or equal to the radical index of 7y. So from the construction of the generating set 1, δ 2 , , b m of R over G k>r we will have our contradiction if we can show that 1, δ 2 , , bj__ lt bi b q , , δ m is a generating set of R over G k>r satisfying the conditions (i), (ii), and (iii). , &j_ 1? δ,& 9 , δ J+1 , , b m satisfies the conditions of (i), (ii), and (iii) and the proof is complete.
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